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VARIATIONAL PRINCIPLES IN NONLINEAR
VISCOELASTICITY

J. T. Opent and D. R. BHANDARI]

Research Institute, The University of Alabama in Huntsville, Huntsville, Alabama

Abstract—A general variational principle is presented for the dynamic behavior of nonlinearly viscoelastic solids.
Several alternate principles are also presented.

1. INTRODUCTION

HisTORICALLY, variational principles have represented an important part of theoretical
mechanics. The classical theorem of minimum potential energy, for example, provides an
alternative approach to the statics of elastic bodies and a basis for the study of stability.
The concept of potential energy of elastic bodies, together with the notion of complementary
energy, Reissner’s principle, Hamilton’s principle and numerous of their variants, provide
bases for approximations in a wide realm of problems in mechanics. In recent times, varia-
tional formulations of problems in linear elastodynamics and linear viscoelasticity were
developed by Gurtin [1, 2] and Leitman [3] and Nickell and Sackman [4] developed a
variational statement of the equations governing linear thermoelasticity. A general approach
for the development of variational principles of problems in linear continuum mechanics
was presented by Sandhu and Pister [5, 6]. They employ a generalization of Mikhlin’s
theory for linear operators [7], in which the bilinear mapping suggested by Gurtin [1, 2]
is used. References to other related works can be found in the papers cited.

In the present paper, we develop general variational principles governing the equations
of nonlinearly viscoelastic bodies. We employ a generalization of a theorem presented by
Vainberg [8] which reduces to that of Sandhu and Pister [5] and Mikhlin [7] as special
cases. We outline the essential features of variational methods for nonlinear potential
operators in the following section and Section 3 of the paper is devoted to a brief review
of the governing equations of nonlinear viscoelasticity. Here we retain a significant degree
of generality by assuming only that the stress tensor and the internal dissipation are
known as functionals of the deformation gradients {(or strains) and their histories. The
general variational principle for nonlinear viscoelastic bodies is derived in Section 4 and
a number of alternative principles are cited in Section 5. In particular, we demonstrate
that, under appropriate additional assumptions, existing variational principles for prob-
lems in linear viscoelasticity [2, 3, 5, 6] can be precipitated from the general principle
developed herein.
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2. SOME MATHEMATICAL PRELIMINARIES

Nonlinear operators on Banach spaces
Consider an equation of the form

Pu) = f 210

where 2 is a nonlinear operator defined on a dense set ) & #7, ¥ being a real Banach
space, # == 4(X, £} is an element of Q, the domain of #; and f = f{x, 1} ¢ ¥ . Here the domain
of # consists of functions in the £*-space defined by the cartesian product of the closure
Z of an open, bounded, connected region # in the three-dimensional Euclidean space &°
and the time interval {— o0, ), denoted # x (— oo, 0)[x € #,t € (— o0, 20)]. Equation
(2.1) is to be satisfied in the interior of # and on the boundary d#, we must impose certain
boundary conditions #(u) = g, where & is also a nonlinear operator.

Our primary parpose here is to construct a variation statement of {2.1) for the case in
which it corresponds to the equations governing the nonlinear theory of viscoelasticity;
that is, we wish to find a functional K{u), which assumes a stationary value at the solutions
of (2.1). Towards this end, we ¢ite certain definitions and theorems concerned with potential
operators. For further details, the monograph of Vainberg [8] can be consulted.

Derivarives of operators

Let ¥ be a real Banach space (.. a complete normed linear space whose elements can
be multiplied by real numbers) and let 2 be an operator that carries elements of ¥ into
another Banach space #'!. The operator # with domain in Q is called continuous at
uge ¥, if for any sequence {#"} which converges in the norm to u, in the sense that
lim, ., lu"—u,ll = 0,the sequence {P"}} converges to Pluyie lim,_ 12U —Pluy)) =
0.

The Gateaux differentiol of P{u), denoted GP(u, h) and the Frechet differential of #(u),
denoted 8%(u, h) are defined by

Ii}’?) | é[?(u +oth)— Pu)} — GPu, h)l| = 0 (2.2)
and
“ E}iﬂmﬂ [P(u+h)—Pu)— 6P, b = 0 {(2.3)

where h is an arbitrary element in ¥". The linear operators @(u)(h) and 2(u)(h), where
Pu)(h) = GPu, by and P'(u)(h) = 6P(u, h) are called Gateaux and Frechet derivatives of
2 at u, respectively. Since it can be shown that if #{u) exists and is continuous in the neigh-
borhood of u, then GP(u, h) exists and is identically the same as 62y, k), we shall use the
definitions and notations of {2.2) and (2.3} interchangeably, i.e. we henceforth assume the
existence and continuity of Pu).

The gradient of a functional and potentiol operators
Suppose that a functional K{u) has a linear Gateaux differential §K{x, i} on some set
{ < ¥, e for some uc Qand every ke ¥". We compute

8K(u, h) = lifl(l) é[K(u + oth) — K{u)] 2.4
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or equivalently

OK(u, h) = a—iK(u+och)|1:0. (2.5)

Then dK(u, h) describes a linear functional on ¥~ and thereby identifies a mapping from
Q into ¥°*, the conjugate of ¥". This mapping, which we choose to identify by P(u), is
called the gradient of functional K(u) and is denoted grad K(u). Evidentally #(u) defines
a mapping from Q into ¥*. Furthermore, dK(u, h) is linear in h and grad K(u) can be
defined so that dK(u, h) is also linear in Z(u). Thus, we state that the operator #(u) defined
by the formula

1
{P(u), hy = lim " [K(u+ah)— K(u)] (2.6)
a—0
for any he 77, is called the gradient of K(u) and we write Z(u) = grad K(u).

Potential operators

An operator Z:¢" — ¥* is said to be a potential operator on some set Q < ¥, if
there exists a functional K(u) such that grad K(u) = 2(u) for every ue Q.

It is shown by Vainberg [8] that a necessary and sufficient condition for an operator
P:¥v" — ¥* to be potential in A(u,,r) is that the bilinear functional {6%(u, h,), h,> be
symmetric in the sense that

COP(u, hy), hyp = 6P, hy), by > (2.7)

for every h,, h, e ¥" and ue 4 (u,, r) where {5P(u, h,), h,) i1s assumed to be continuous
on A (ug, r).

Thus, if 2 in (2.1) is potential, solutions of (2.1) will be critical points of some functional
K(u). To generate such a functional of nonlinear operator equations such as (2.1) is
answered by a fundamental theorem proved by Vainberg [8].

Theorem 1
Let Z:¥" — ¥7* be an operator, not necessarily linear, that is potential on A (u,, r).
Then there exists a unique functional K(u), whose gradient is 2(u), which is given by

K@) = f {Pug+s(u—uy)), (u—uy)y ds+ K, (2.8)
0

wherein K, = K(u,) is a constant, and s a real parameter.

Equation (2.8) provides a general method for determining variational statements of
nonlinear equations of the form (2.1) provided #(-) is a potential operator. If it is not
potential [i.e. if (2.7) is not satisfied], then & can be transformed into a potential operator
by using any of the schemes described in [9].

3. THE GOVERNING FIELD EQUATIONS

The field equations governing the isothermal behavior of a viscoelastic medium are
stated in this section. Let V be a closed region of a three-dimensional Euclidean space
occupied by a continuous body B whose interior we denote by V and the boundary %.
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Let ¥V x (— o0, ) denote the domain of definition for all functions of position x and
time ¢. Furthermore, let u(x, £}, ¥(x, t}, o(x, 1), F{x, t} and &(x, 1) denote, respectively, the
displacement vector, the strain tensor, the stress tensor, the body force vector and the
internal dissipation, all defined for (x,)e V' x (— w0, o). Also, for the sake of simplicity,
let the material coordinates x; of the particle in the reference configuration be rectangular
cartesian. Then the strain-displacement relations are

Vo = 2t U il ) (3.1)

where the comma denotes partial differentiation with respect to x;.
The local forms of the laws of balance of linear momentum and angular momentum
are

(68, + 1y, )] i+ PF,, = pi,, (3.2a)
o = ¥ {3.2b}

where the superposed dot indicates partial differentiation with respect to time and p(x}
is the mass density of the solid in the reference configuration, Here o* are the contravariant
components of the second Piola—Kirchhoff stress tensor measuring stress per unit area of
the “undeformed” body, i.e. per unit area of the material surface in the reference configura-
tion; and J;; denotes the Kronecker delta.

Since in this development we consider a class of materials whose response is not
influenced by temperature and for which stress ¢ at time ¢t is determined by the strain
history ¥(s), the stress is assumed to be given by the constitutive equation of the form

fee)
ol = Fy(s)) (3.3)
=0
where ¥'(s)} = y(t—s) is the strain y at time t—s, 0 < s < oo and FY is a tensor-valued
functional mapping v'(s) into &{t). In the case of simple materials {10, 11], it is customary
to assume the existence of a free energy density ¢ which is given by a constitutive equation

¢ = @ [v,;y(0] (3.4)
s= 0
Here we have decomposed the total strain history ¥{s) = y(t—s), s€[0, «) into the “past
history” yi(s) = 7'(s), s € (0, o) and the current strain, y(t} = v'(0). Then if @2, [v(s); ¥(t)]
possesses sufficient smoothness properties,

o = FU[yy] = pd, ® [¥i;7). (3.5)

=0 s=0

Likewise, the internal dissipation is given by

Yoyl = 6, ® [ysv¥] (3.6)

«
s=0 s=0

6:

wherein 8, ®2, [ ;] -] denotes the Frechet differential which is linear in ¥, and J, is the
ordinary partial differentiation of ® with respect to v.

To complete the formulation of the field equations, the initial and boundary conditions
must be added to (3.1)—(3.6). Let 4, and #, denote disjoint sets whose union is & and let
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the outward unit normal vector to & be n. Here 8, is taken as the portion of the boundary
where displacements are prescribed, whereas &, is the portion over which tractions are
prescribed. Therefore, the displacement boundary conditions are

w, =1, on %, x{—ow0,w0) (3.7a)
and the traction boundary conditions
T = no™™(S+u,) =T on &, x (—w0,w). (3.7v)

In(3.7), %, and T are the prescribed functions of x and t. Mixed conditions for displacements
and tractions could also be included.
The associated initial conditions are

uix, 0) = di(x) (3.82)
ux, 0) = v{(x) (3.8b)

where d(x} and v(x) are, respectively, the prescribed initial displacements and initial
velocities.

In summary, the behavior of a nonlinearly viscoelastic body is described by conditions
(3.7) and (3.8) and the system of equations:

g*[0 0+ U, )]s+ Pfou— Pt = 0 (3.9a)
Vij— 3 (i 3+ Ui+ Uy ) = O (3.9b)

Iy w.‘
/= FU 7] =0 (3.9¢)

s=0
6— 2 [v;1]1=0 (3.9d)

s=0

wherein g(t) = ¢ and

JulX, 1) = [g*F,J(x, )+ p(x)[tv,{x) +d (x)]- (3.10)

Here the functions f are determined completely by the knowledge of the body forces and
the initial history.

The symbol * in (3.9a) denotes the convolution operator; i.e. if u and v are the scalar-
valued functions defined on ¥V x (— 0, c0), then following Gurtin [1, 2], the convolution
w*v is the function on V x [0, c0) defined by

kY = Jq (u(x, t —t)o(x, 7)] dt (3.11)
]

(x,2)e ¥ x [0, o) and in (3.9a) convolution operation has been performed by taking the
Laplace transform, re-arranging the terms and taking the inverse transform. Then the
bilinear mapping of (2.6) can be defined by

{u,v) = L [uxv] dV (3.12)
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which satisfies the condition that if {u, v> = 0, either u = 0 or v = O for t > 0. An alterna-
tive to (3.11) is to use Stieltjes integral

uxdy = f u(x, t —1) do(x, 1) (3.13)
provided this integral is meaningful ; and (x, f)e ¥V x (— oo, o). Then the bilinear map is

Cu, dvy = J [urdp] dV. (3.14)

4. VARIATIONAL PRINCIPLES FOR NONLINEAR VISCOELASTICITY

To construct a variational principle associated with the nonlinear theory of visco-
elasticity described by (3.7)-(3.9), we follow a procedure adopted by Oden [9, 12] and
rewrite the field equations (3.9) in the form

PA) = PA)-T =0 (4.1a)

or equivalently

- =0 (4.1b)

wherein
1 ou 0 0 0*u
Py, = p0,: Py = —g¢| 2o, + 2 5,2 45,0 .
i1 = POum; P & I:Z( "”+6xj)( "'6x,,+ ’kaxk)-i_@x.-@xj]
1 15 d ou; 0O
Py =Py, =P, = —gk: P, = om0+
23 32 44 8% 731 g*|:2( ”‘ax,+ 'laxk+5xk sz)]
Pro=P=Pn =P =2y =Py =P =Py =Py =% =0 (4.2a)
and

A = {u;, yq, 0", 6}7 (4.2b)

U ={pf, —g*F7[;],0, —gx 2 [;]}". (4.2¢)
s=0 s=0
The operator 22(A) is obviously the nonlinear operator consistent with (3.9).
In the application that follows, for the sake of conciseness, we shall assume homo-
geneous boundary conditions. Non-homogeneous boundary conditions can easily be
introduced by additional terms in the respective functionals. Then making use of the
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definition (3.12) for the bilinear mapping {u, v), it follows that in this case,
(P(A),A> = (PA)-T, A

- f (St ity — g3 [50S4 St )5 — ot
1 4

— sy, rgrati +y pgx FY [yl y] —satigry,;

s=0

+oVegH L (s, +su;+ stu,, M, ) — SE*gH6

rorgx D [} dsdV. 43)

Thus, introducing (4.3) into (2.8), integrating by parts and making use of homogeneous
boundary conditions and the commutativity and associativity of the convolution operator
[¥v = pru, we{vrw) = (u*vp*w], we obtain the functional

1 : . ©
K(A) = 3 L [PUp* Uy — 2% U * 01 — 2847, %0 + 2%y, % F : [yriv]
i

—gro*G+2g*0% D [y,39] —gru,r(oTuy, ) i —2pu,*f,] AV 4.4)
=0

Note that in arriving {4.4) from {2.8), we have set K, = Oand A, = 0.

Hence, we have derived a variational principle associated with the nonlinear operator
equations (3.9); that is, K(A) of (4.4) assumes a stationary value when A satisfies (3.9).
We can set forth this result in the following theorem.

Theorem 2

Let ugx, 1), 94, 1), 6"(x, t) and é(x, t), all defined for (x, f)e V x (-0, ), satisfy the
field equations of nonlinear viscoelasticity given by (3.9) with homogeneous boundary
conditions, Then the functional K(A) of (4.4) assumes a stationary value at A = {u, v, 0, §}.

Proof. LetA = {1,%, &, 6} denote an arbitrary element in the domain of the operator 2.
Then by (2.4) or (2.5}, we have

tim L[K(A +0K) ~ K(A)] = - K(A+aR),=0
a0 o

= f {(pﬂm - g* [Gij{émj + um,_j)},i - pfm)*ﬁm
v
+ g G [yttt gty ]~y G

+g*(’””[v ¥l— a")*y.ﬁg*(@[v,,v] é) }

§=0

= (P(A), K).

Thatis, 95’{1\) = grad. K{A). This provesthat the functional K(A) of (4.4) assumes a stationary
value when A satisfies (3.9} and that (3.9) are, indeed, the Euler’s equations of (4.4).
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In the interest of brevity, we have considered homogeneous boundary conditions in
arriving at (4.4). However, inclusion of non-homogeneous boundary conditions (3.7) into
the basic functional (2.8) will result in simply additional terms appearing in (4.4), i.e. then
we must add to the functional K of (4.4) the following functional :

1 . .
K, = 3 {u,*g*[n;09(20,,;+u, )—2T"1} dB+ | {f,*gxT"} dB. (4.5)
@, B
We observe that the conditions of prescribed tractions on the portion %, and of the pre-
scribed displacement on the portion 4, of the boundary of the body, are determined by the
application of (2.5) to (4.5); i.e. by varying u; and u; ; on %, and T™ on 4,, then we find that
the boundary conditions (3.7) as well as (4.1a) are satisfied at critical points of K+ K.

5. ALTERNATE PRINCIPLES

In this section we cite a number of alternate principles and demonstrate that, under
appropriate additional assumptions, the existing variational principles for problems in
linear viscoelasticity [2, 3, 5, 6] can be derived from the general principles developed in this
paper.

Firstly, we delete the internal dissipation equation (3.9d) from the list of field equations
and, using (4.4), obtain the new functional

s=0

1 . . o
K(S) = Ef {pum*um —2g*u,* 0\ — 2g%y;,* 0"+ 2g% ¢ F (1,5 7]
14
—gru,*(au,, )~ 2pum*fm} dv. (5.1)

If S = {u,y, 6} is the solution to the problem (3.9a}—(3.9¢), then K(S) in (5.1) assumes a
stationary value at S, i.e. by setting K(S) = 0, we obtain (3.9a)}(3.9c) as the Euler’s
equations of (5.1). Integrating (5.1) by parts and making use of the homogeneous boundary
conditions, the functional K(S) of (5.1) can be written in an alternate form

1 @
K(S) = ;f {pui*ui+2g*vi,~* FY 7]
“Jy s=0
tgu; Ut Uy Uy i~ 2yij]*a” — 2pui*fi} dv. (5.2)

Now consider the case when u and y of S = {u,y, 6} satisfy the strain—displacement
relation (3.9b). Then K(S) given by (5.2) reduces to J(S), where

1 ©.
s =5 | {P“i*”i+28*)’ij* #[i; v]—zpui*fi} av. (53)
14 s=0

For the special case in which #% [ ;] is linear in the strain histories, (5.3) is identical with
s=0
(4.6) of [3] for homogeneous boundary conditions.
For the case of quasi-static motion, (5.3) reduces to

38) = [ o= pu ) V. (5.4
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Then (5.4) together with (3.1), (3.11), (2.4), and the divergence theorem implies that

8J() = = [ (10"t )+ 9P} St V. (5.5
14

If 8,J(S) vanishes, the equilibrium equations (3.2a) are satisfied. Hence (5.4) describes a
form the principle of stationary potential energy that appears in [1] for homogeneous
boundary conditions.

Itis also interesting to cast certain of the functionals in terms of the free energy functional
@ of (3.4). If we consider the case of quasi-static motton and define the functional

H() = f { @ [v,(u); y(u)] —6— Pqum} dav (5:6)
VvV Ls=0
then
© o a,Y .
uHw = | {a, © [73(0); Y] G+ t, Nt 5, @ [v:(u); v(w) a“{l
14 s=0 s=0 i
— 0,6 —pF,, 5um} dv. (5.7)
Since

oY .,
aui] (5.8)

5.8 =6, @ [v:(u>; Y
s=0

we obtain, with the aid of (3.6), the divergence theorem, and the homogeneous boundary
conditions,

5,H(u) = J{[a"(5m+um1) ]+ pF,} ou,, dV. (5.9

This obviously vanishes for arbitrary displacements provided the equilibrium equations
are satisfied. Thus the functional H(u) is again a generalization of the principle of stationary
potential energy. Indeed, if all histories are the rest histories and ¢ = 0, @ can be associated
with the strain energy and (5.6) becomes precisely the potential energy of an elastic body.

We now consider the quasi-static motion of linear viscoelastic solid. The internal
dissipation & in (3.9d) is neglected as a second-order quantity and the linearized equations
(3.92)—(3.9¢) are then written in the form

o'+pfi =0
o — Elimmidy =0 (5.10)
i~ 50+ u;;) = 0.
We follow the procedure adopted in Section 4, and set
du, —pf;

A={dy;p; T=40 (5.11)

ot 0
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In this case, we use the definition (3.13) for {u, v)> and obtain
. 1 . -, L R
K{A) = 3 L {dy; HEV dy,, ~ 2 duFeti—2dy; ot =2 dugxpf} dV. {5.12)

Then K([\) of (5.12) is the functional governing the variational statement of (5.10) and is

identical with (49) of [5] and (3.1) of [2].
Various other alternate principles can also be derived from the general principles

developed herein.
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